Abstract-In this paper, we consider device-to-device (D2D) communications as an underlay to cellular networks over both licensed and unlicensed spectrums, where long-term evolution (LTE) users utilize the spectrum orthogonally while D2D users share the spectrum with LTE users. In the system, each LTE and D2D user can access the licensed or unlicensed band for communications. To maximize the total throughput of the system, we leverage stochastic geometry to derive the throughput for each kind of user by modeling the deployment of users as Poisson point processes (PPPs), and investigate the spectrum access problem for these users. Since the problem is NP-hard, we propose a sequential quadratic programming (SQP)-based algorithm to obtain the corresponding suboptimal solutions. Theoretically, we evaluate the system performance by analyzing the throughput regions. Simulation results validate the accuracy of the geometric analysis and verify the effectiveness of the proposed algorithm.
can effectively improve the throughput as well as the energy efficiency [7] , [8] in the network.
However, the limited licensed spectrum may not be sufficient to support D2D communications, especially in the hotspot scenarios. In order to further improve system throughput, D2D communications underlaying cellular networks over the unlicensed spectrum are proposed, referred to as D2D-Unlicensed (D2D-U) communications [9] , which can be facilitated by the existing LTE-Unlicensed (LTE-U) technologies [10] , [11] . In the D2D-U networks, users can share the unlicensed spectrum with the existing Wi-Fi systems fairly and harmoniously via the Listen-Before-Talk (LBT) mechanism [12] , which has been adopted in the LTE-licensed assisted access (LTE-LAA) technology [13] . Unlike Wi-Fi Direct, which allows two users to communicate directly by one user serving as an access point (AP) [14] , D2D-U communications require the assistance and control from the base station (BS). With the network-assisted control, D2D-U communications can provide reliable services for users over the unlicensed spectrum.
In a D2D-U system, each LTE/D2D user can access the networks via either the licensed or unlicensed spectrum but the spectrum access method is different over these two bands. To be specific, LTE and D2D users utilize the licensed spectrum based on the orthogonal frequency division multiple access (OFDMA) technique, while access the unlicensed spectrum by adopting the LBT mechanism. 1 To coordinate these two methods and improve the capacity of the networks, it is necessary to investigate the spectrum access problems for LTE and D2D users. In this paper, we consider a unified D2D-U network where LTE, D2D and Wi-Fi users coexist over both licensed and unlicensed spectrum. D2D users work as an underlay to LTE users in both licensed and unlicensed bands. To fairly and harmoniously coexist with Wi-Fi users, both LTE and D2D users utilize a Load-Based-Equipment (LBE) based LBT mechanism [16] for the unlicensed channel access.
Nevertheless, it is challenging to build a unified framework to investigate the spectrum access problem in such a D2D-U network. First, a suitable mathematical model is required to theoretically analyze the performances of different users in 1 Actually, the spectrum access of LTE and D2D users operates similar to the existing cognitive radio (CR) technique [15] .
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the system and formulate the opportunistic feature of channel access over the unlicensed spectrum. Second, the spectrum access of LTE and D2D users over licensed and unlicensed spectrum is difficult to be investigated jointly, since the interference among LTE, D2D, and Wi-Fi users is complicated due to the underlay property of D2D users. To tackle the first issue, we leverage stochastic geometry to model the locations of LTE users, D2D transmitters (TXs) and Wi-Fi APs as independent homogeneous Poisson point processes (PPPs) with diverse densities. Besides, we formulate the unlicensed channel access of LTE, D2D and Wi-Fi users as hard core point processes (HCPPs). To cope with the second issue, we investigate the spectrum access problem by optimizing the densities of different users to maximize the total throughput of the system. Since this problem is NP-hard, we design a sequential quadratic programming (SQP) based spectrum access algorithm to obtain the suboptimal solutions iteratively.
In the literature, several works have investigated on the resource allocation [9] , [17] and performance analysis [18] , [19] in the D2D-U networks. Authors in [9] proposed a resource allocation algorithm for D2D-U system using matching theory. In [17] , a joint mode selection and resource allocation algorithm was proposed to minimize the overall interference in a D2D-U network, in which the quality of service (QoS) requirements were considered. In [18] , the performance comparison of D2D-U networks was discussed with different unlicensed access techniques for D2D users. The waiting probability, time delay and network capacity for D2D-U networks were analyzed based on a varying traffic model in [19] . Different from the aforementioned works, we present a unified analytical framework to jointly investigate the spectrum access for both LTE and D2D users in the D2D-U network. Besides, there also exist several works on the spectrum access problem in the LTE-U networks [20] , [21] , which only focused on the spectrum access among LTE users. In [20] , [21] , LTE users accessed the spectrum based on the expected payoff [20] and the utility of users [21] , respectively. Unlike the LTE-U systems, the interference among LTE and D2D users makes the spectrum access problem more complicated in the D2D-U systems. Moreover, the existing works on the stochastic geometry analysis in D2D underlaying cellular networks only focused on the licensed spectrum access. For instance, authors in [22] investigated on the power distribution in a D2D underlaying cellular network over the licensed spectrum using stochastic geometry. Compared with the licensed spectrum access, analyzing the unlicensed spectrum access using stochastic geometry is more difficult, since the opportunistic feature of unlicensed spectrum access needs to be formulated.
The main contributions of this paper are summarized as follows:
• We study a unified D2D-U network consisting of LTE, D2D, and Wi-Fi users, and then analytically derive their throughput over both licensed and unlicensed spectrum by leveraging stochastic geometry.
• We jointly investigate the spectrum access problem for LTE and D2D users by maximizing the total throughput in the system, and then propose a SQP-based algorithm to obtain the suboptimal solutions.
• We characterize the throughput regions to analyze the system performance and illustrate the spectrum access issue. The rest of the paper is organized as follows. In Section II, we introduce the system model for the coexistence among LTE, D2D and Wi-Fi users, and then present the spectrum sharing scheme of the network. In Section III, we derive the throughput for each kind of users by geometric analysis. Then, we formulate the spectrum access problem and design a SQP-based algorithm to solve it in Section IV. We analyze the convergence and complexity of the algorithm, and then illustrate the system performance via the throughput regions in Section V. Simulation results are presented in Section VI. Finally, Section VII concludes this paper.
II. SYSTEM MODEL
In this section, we first describe the system consisting of LTE, D2D, and Wi-Fi users. Then, the spectrum sharing schemes over licensed and unlicensed spectrum are elaborated, respectively. For clarity, in following parts of this paper, we define cellular and D2D users over the licensed spectrum as LTE and D2D users, while those over the unlicensed spectrum are referred to LTE-U and D2D-U users, respectively.
A. System Description
As shown in Fig. 1 , we consider an OFDMA uplink singlecell system. 2 The cell is modeled as a circular area with the BS at the center and the radius as r cell . LTE users and D2D users utilize the licensed spectrum with the total bandwidth B l , and LTE-U users and D2D-U utilize the unlicensed spectrum with the total bandwidth B u . We assume that LTE and LTE-U users are distributed on R 2 within the cell according to independent homogeneous PPPs with the densities of λ C and λ CU , denoted by ψ C and ψ CU , respectively. Similarly, we model the deployment of TXs of D2D users and D2D-U users as other independent homogeneous PPPs with the densities of λ D and λ DU , denoted by ψ D and ψ DU , respectively. The receiver (RX) of each D2D/D2D-U user is uniformly distributed in a circular area centered on its TX with radius L d , where L d r cell . Besides, Wi-Fi APs are randomly distributed on the plane R 2 within the cell following homogeneous PPP with the density of λ W , denoted by ψ W . For each AP, its associated Wi-Fi users are uniformly distributed in a circular area centered on the AP with the radius L w , where L w r cell . In addition, we assume that the transmit power of LTE/LTE-U users is fixed on P C , and the transmit power of D2D/D2D-U users is fixed on P D , where P D < P C . Besides, the transmit power of Wi-Fi users is set as P W . We consider a free space propagation path-loss model [23] . Hence, the channel gain between two nodes m and n can be calculated as g m,n = d −α m,n h, where d m,n indicates the distance between m and n, α is the path loss exponent, and h is the fading coefficient due to the small-scale fading. Assuming a frequency non-selective block fading channel, h follows an exponential distribution [24] , i.e., h ∼ exp(1). The thermal noise at each user satisfies independent Gaussian distribution with zero mean and the same variance σ 2 .
B. Spectrum Sharing Schemes
In our system, the spectrum access of LTE/D2D users over both licensed and unlicensed spectrum is controlled by the BS, which is different from the traditional ad hoc network [25] . For fair and harmonious spectrum access, we design the spectrum sharing schemes over licensed and unlicensed spectrum as follow. 3 
1) Licensed Spectrum:
In the licensed spectrum, the frequency band is equally divided into subchannels to support OFDMA transmissions for both LTE and D2D users. More explicitly, we equally divide the licensed band B l into K l subchannels with uniform bandwidth of B sub l
cell is the number of LTE users. As such, each LTE user is assigned to one orthogonal subchannel by the BS for data transmission. Each D2D user, working as an underlay, is allowed to share the spectrum with LTE users [27] . For fairness, we assume that each D2D user can occupy at most one subchannel for communication, and the BS selects a subchannel from K l to support the D2D user.
2) Unlicensed Spectrum: The existing Wi-Fi systems adopt the carrier sense multiple access with collision avoidance (CSMA/CA) protocol [28] to share the unlicensed band. Specifically, a Wi-Fi AP monitors the intended channel before transmission. When the channel is idle for a period of time, an exponential random back-off procedure begins, i.e., a backoff integral counter is generated, and then the AP keeps sensing the channel. As soon as the channel is judged idle for a time slot, the counter decreases by one. However, if the channel is sensed busy, the counter will freeze until the channel is sensed idle again. When the counter decreases to zero, the Wi-Fi user will occupy the whole unlicensed channel for transmission [29] .
In order to coexist with Wi-Fi users in a friendly manner, we assume that both LTE-U and D2D-U users utilize the LBE-based LBT mechanism [16] , which operates quite similar to the CSMA/CA protocol of Wi-Fi system. 4 However, different from the CSMA/CA protocol of the Wi-Fi system which adopts exponential back-off, the LBE-based LBT mechanism implements fixed linear back-off with fixed size of contention windows. To further improve the spectrum efficiency, we divide the unlicensed band B u into K u subchannels with uniform bandwidth B sub u = Bu Ku , denoted by K u = {1, 2, . . . , K u }, to support the concurrent transmissions for LTE-U and D2D-U users. Here,
cell is the number of LTE-U users. Before transmissions, the BS first allocates the subchannels in K u to the LTE-U and D2D-U users. Since different LTE-U users in the same subchannel may bring severe interference, each LTE-U user is assigned to one orthogonal subchannel to avoid the interference. As for D2D-U users, each user is allocated to one subchannel randomly for fairness. After that, each user monitors the subchannel and decides whether to occupy it or not. Once the subchannel is sensed idle, each user backs off for a random period, which is similar to the Wi-Fi system.
It is worth to mention that the data transmissions of all users are over the data channels while the signaling is transmitted on the control channels. Since data and control channels are operated on different bands, the signaling will not affect the performance of users. In our system, the signaling is performed on extra control channels, and thus, we only focus on the data transmissions over the data channels. However, we still present the signaling analysis on LTE-U and D2D-U users in the unlicensed spectrum as follow. We define that M si messages are required to inform the BS the subchannel information sensed by a LTE-U/D2D-U user, and M sa messages are needed for the BS to notify a LTE-U/D2D-U user about the subchannel allocation. Since each LTE-U/D2D-U user needs to report the sensing result over single allocated subchannel at a time, M si (λ CU + λ DU )πr 2 cell messages are required to inform the BS. Besides, for subchannel allocation, the BS notifies all LTE-U and D2D-U users by sending M sa (λ CU + λ DU )πr 2 cell messages.
III. THROUGHPUT ANALYSIS
In this section, we analyze the throughput for different users, including LTE and D2D users over the licensed spectrum, and LTE-U, D2D-U, and Wi-Fi users over the unlicensed spectrum.
A. Throughput Analysis in the Licensed Spectrum
In the licensed spectrum, due to the underlay property, the interplay between LTE and D2D users needs to be considered.
1) LTE Users:
Define the distance between LTE user u and the BS as d u,b . Based on the property of PPP, d u,b follows a uniform distribution whose probability distribution function (PDF) is given by
Since different LTE users utilize orthogonal subchannels for data transmissions, the interference to LTE user u only comes from D2D users sharing the same subchannel. For simplicity, define the interference function I(z, P, ψ) = i∈ψ P d
Then, the interference from D2D users can be express as . The signal-tointerference-plus-noise ratio (SINR) of LTE user u can be expressed as
Therefore, given the bandwidth B sub l , the throughput of LTE user u can be calculated by
where E {·} is the mathematical expectation. Note that the interference to different LTE users follows a uniform distribution, and thus, the throughput of different LTE users is the same. For brevity, we define R C = R C,u as the throughput of an LTE user.
Proposition 1: The throughput of an LTE user over the licensed spectrum is given by
R C = B sub l ϑ P C , Q (λ D , P D , 0) , δ(y), f d u,b (r) , (3) where λ D = λD K l , δ
(·) is the Dirac function, ϑ(·), Q(·) and H(·) are given by:
2) D2D Users: Define the distance between the TX and the RX of D2D user v as d v,v . As a RX is randomly distributed in a circular area in which the center is the TX and the radius is L d , the PDF for d v,v can be given by
Since each subchannel is utilized by one LTE user, the RX of D2D user v is only interfered by one LTE user, denoted by u. Besides, D2D user v is also interfered by other D2D users coexisting in the same subchannel. Since r cell L d , the distance from the interfering node to the RX of D2D user v can be approximated to the distance between the interfering node and the TX of D2D user v. Then, we can express the interference from LTE and D2D users as
, and the SINR of D2D user v can be given by
Therefore, given the bandwidth B sub l , the throughput of D2D user v can be calculated by
According to the uniform distribution of the D2D users, the average throughput of a D2D user can be defined as
The throughput of a D2D user over the licensed spectrum is given by
where (4) to (6) .
Proof: See Appendix B.
B. Throughput Analysis in the Unlicensed Spectrum
In the unlicensed spectrum, the existence of Wi-Fi users cannot be neglected. In order to share the unlicensed spectrum with the Wi-Fi system, both LTE-U and D2D-U users adopt the LBE-based LBT mechanism. As such, each user cannot access the unlicensed subchannel all the time. Therefore, we introduce the medium access probability (MAP) [30] to represent the probability for each user to transmit on its allocated unlicensed subchannel.
Based on the random back-off mechanism of LTE-U, D2D-U and Wi-Fi users, their waiting counters can be characterized by HCPPs. In addition, we assume that a channel/subchannel is sensed busy by user u when the received power at user u from other existing active users exceeds an energy detection threshold. Thresholds for LTE-U, D2D-U, and Wi-Fi users are denoted as P [30] , the MAPs for LTE-U, D2D-U, and Wi-Fi users can be respectively given by
where
with S = sin 2π α and C = cos 2π α . In addition, according to [30] 
1) LTE-U Users:
Since different LTE-U users utilize orthogonal subchannels, the interference to LTE-U user u only comes from active D2D-U users in the same subchannel and active Wi-Fi APs. We can express the SINR of LTE-U user u as
are the interference from D2D-U and Wi-Fi users, respectively. Then, we can calculate the throughput for LTE-U user u as
and the expectation of the throughput of an LTE-U can be defined as R CU = R CU,u .
Proposition 3: The throughput of an LTE-U user over the unlicensed spectrum is given by
Ku and δ(y) is the Dirac function. ϑ(·), Q(·) and H(·) are given in equations (4) to (6).
The detailed proof of Proposition 3 is omitted, because R CU can be derived from equation (15) by the same methods in Appendices A and B.
2) D2D-U Users: Due to the orthogonal subchannel utilization of LTE-U users, D2D-U user v may only be interfered with one LTE-U user in the same subchannel, denoted by u. The interference to D2D-U user v also comes from other cochannel active D2D-U users and all active Wi-Fi users. Then, the SINR of D2D-U user v can be expressed as
are the interference from LTE-U, D2D-U, and Wi-Fi users, respectively. Thus, the throughput for D2D-U user v can be given by
and the expectation of the throughput of a D2D-U can be defined as R DU = R DU ,v . (19) where
Proposition 4: The throughput of a D2D-U user over the unlicensed spectrum is given by
R DU = p act DU B sub u ϑ P D , A 2 Q 1 Q 2 , f d v,b (y), f dv,v (r) ,A 2 = p act CU 2π 0 r cell 0 1 1+sPC H −α/2 (x,θ,y) 2x r 2 cell 1 2π dxdθ + (1 − p act CU ), Q 1 = Q (p act DU λ DU , P D , y), λ DU = λDU Ku − 1 Kuπr 2 cell , f d v,b (y) = 2y r 2 cell , 0 ≤ y ≤ r cell , Q 2 = Q (p act W λ W , P W ,
y). ϑ(·), Q(·) and H(·) are given from (4) to (6).
Since we can derive R DU from equation (18) through the same method introduced in Appendices A and B, the detailed proof for Proposition 4 is omitted.
3) Wi-Fi Users: As for Wi-Fi users, let us define the distance between Wi-Fi user w and its corresponding AP a as d w,a , whose PDF can be given by f dw,a (r) = 2r/L 2 w , 0 ≤ r ≤ L w . Different from LTE-U or D2D-U users, Wi-Fi users occupy the whole unlicensed band for data transmissions. Therefore, Wi-Fi user w may receive the interference from all active LTE-U and D2D-U users as well as other active Wi-Fi APs. The SINR of Wi-Fi user w can be given by
are the interference from LTE-U, D2D-U and Wi-Fi users, respectively. Then, we can calculate the throughput for Wi-Fi user w by
Finally, the expectation of the throughput of a Wi-Fi user can be defined as R W = R W,w . (22) where
Proposition 5: The throughput of a Wi-Fi user over the unlicensed spectrum is given by
and H(·) are given in equations (4) to (6) .
The detailed proof for Proposition 5 is also omitted, since the derivation of R W is similar to R CU and R DU .
IV. PROBLEM FORMULATION AND ALGORITHM DESIGN
In this section, we aim to maximize the throughput of the system by optimizing the densities of four kinds of users. Since the problem is a global nonlinear optimization problem, which is NP-hard and difficult to solve, we design a SQP-based algorithm to obtain the suboptimal solutions of this problem.
A. Problem Formulation
In our system, each LTE/D2D user can transmit on either licensed or unlicensed spectrum for communications. Therefore, our objective is to maximize the throughput of the system by optimizing
T . The throughput of the system is defined as the total throughput of all users over both licensed and unlicensed bands, which is given by
Here,
cell is the area of the cell. We assume that the densities of all LTE and D2D users in the system are λ 
Constraint (23b) and (23c) are the density requirements for LTE/LTE-U and D2D/D2D-U users, respectively. Constraints (23d)-(23f) are the QoS requirements for LTE/LTE-U, D2D/D2D-U, and Wi-Fi users, respectively. Constraint (23g) indicates the non-negativity of the densities.
B. Spectrum Access Algorithm Design
In this part, we propose a SQP-based spectrum access algorithm to obtain the suboptimal solutions of problem (P1). We first transform the optimization problem into quadratic programming (QP) problems. Then, a SQP-based method is presented to solve these QP problems.
1) Problem Transformation: Note that problem (P1) is a non-convex optimization problem with nonlinear constraints, it is difficult to find the optimal solution. Motivated by the SQP technique, which is efficient to tackle with certain classes of large scale nonlinear programming problems [31] , [32] , we first transform problem (P1) into a series of QP problems at feasible points, and then solve these problems to obtain the suboptimal solution iteratively.
More specifically, we first rewrite the optimization problem in the following form:
where λ is the vector of optimization variables and N is the number of constraints. Then, given a feasible iteration point λ k , we can approximate the objective function and constraints into quadratic terms of Taylor series at λ k , i.e.,
denotes an approximation of the Hessian matrix of the objective function at feasible point λ k and S = λ − λ k denotes the search direction [33] . We define problem (25) as the QP problem at point λ k , since its objective function and constraints are expressed in quadratic polynomials. 
2) SQP-Based Algorithm:
After transforming problem (P1) into QP problems, we introduce a SQP-based method to obtain their solutions. Denoting the optimal solution of problem (25) as S * , we can calculate the next iteration point λ k+1 by
where β k is the step length which can be calculated by the line search procedure to achieve a sufficient decrease in objective function for convergence [33] . In addition, the matrix H in equation (25) can be updated by the Broyden-FletcherGoldfarb-Shanno (BFGS) quasi-Newton method [34] below (27) where
In each iteration, we update λ and H according to equations (26) and (27) until
where τ denotes the error tolerance threshold. The suboptimal solution of problem (24) is then obtained as λ * = λ k+1 . The procedure of this SQP-based method can be summarized in Algorithm 1.
Since the performance of Algorithm 1 is greatly affected by its initial values, it is important to set an appropriate value for λ 0 . Therefore, instead of random or all-zero initialization, we adopt the greedy policy to find approximate solutions of problem (P1) and then set them as initial value λ 0 , which can effectively accelerate the convergence of our proposed algorithm. According to the greedy policy, each user sequentially accesses to the spectrum which achieves the higher total throughput while satisfying all constraints. When the spectrum access of a user may decrease the total throughput in the system, this user cannot access the corresponding spectrum.
V. PERFORMANCE ANALYSIS
In this section, we first present the analysis on the convergence and the complexity of our proposed spectrum access algorithm. Then, we characterize the throughput regions for the system to analyze its performance and illustrate the spectrum access issue.
A. Algorithm Analysis 1) Convergence:
According to equation (26) , the optimal solution of the QP problem at λ k is given by λ k+1 . Thus, according to the property of QP, we have f (λ k+1 ) ≤ f (λ k ), implying that the value of the objective function is nonincreasing after each iteration. Besides, since the optimal value of problem (P1) is f (λ * ), we also have f (λ k ) ≥ f (λ * ), ∀k, which indicates that the value of the objective function is lower bounded by a finite value. Therefore, after finite iterations, the terminal condition (28) will be satisfied, which ensures the convergence of our proposed algorithm.
2) Complexity: Since we adopt the greedy policy to obtain initial value λ 0 , the computational complexity of initialization is given by
denote the number of all LTE and D2D users in the system. When the system contains the same number of LTE and D2D users, e.g.,
Besides, a QP problem should be solved in each iteration of the SQP algorithm. As referred in [36] , the computational complexity for each QP problem is O(V 3 ), where V = 2 corresponds to the number of variables.
B. Throughput Region Analysis
In this part, we characterize the throughput regions for LTE/LTE-U and D2D/D2D-U users over licensed and unlicensed spectrum, respectively. Assume the total density of LTE and LTE-U users in the system is no higher than λ all C . Besides, the densities of D2D and D2D-U users in the system is given by λ D and λ DU . When the density of LTE users is λ C , we can calculate the total throughput of LTE users as R C = S cell λ C R C . Then, the total throughput of LTE-U users, whose density is λ CU , can be calculated by R CU = S cell λ CU R CU . Therefore, we can depict the throughput region for LTE/LTE-U users as
Likewise, we assume that the maximum total density of D2D and D2D-U users in the system is λ all D . As such, given λ C and λ CU , we can calculate the total throughput for D2D and D2D-U users, with densities λ D and λ DU , as R D = S cell λ D R D and R DU = S cell λ DU R DU , respectively. Therefore, the throughput region for D2D/D2D-U users is given by
. (30) Due to the non-negativity of the throughput, the boundaries of Ω C and Ω D depict curves in the first quadrant on R 2 . It is also worthwhile to mention that either Ω C or Ω D has the complete information on the users densities in the system. In other words, for any point on the boundary of Ω C , we can find its counterpart which denotes the same user densities in the boundary of Ω D , and vice versa.
Furthermore, we can characterize the throughput region of the system to illustrate the spectrum access problem. Assume the system includes LTE/D2D users over the licensed band with the density of λ l = λ C + λ D , and LTE-U/D2D-U users over the unlicensed band with the density of λ u = λ CU + λ DU , respectively. Besides, we introduce κ l and κ u to denote the proportions of LTE and LTE-U users over licensed and unlicensed spectrum, which are given by κ l = λ C /λ l and κ u = λ CU /λ u , respectively. Therefore, we have λ C = κ l λ l , λ D = (1−κ l )λ l , λ CU = κ u λ u , and λ DU = (1−κ u )λ u . Based on these notations, we can calculate the total throughput over licensed and unlicensed spectrum by
Therefore, given the densities of all LTE and D2D users, i.e., λ all C and λ all D , the throughput region of the system can be depicted as
Similar to Ω C and Ω D , the boundary of Ω depicts a curve in the first quadrant on R 2 . In addition, for any ( R l , R u ) ∈ Ω, the total throughput of the system, denoted by R, can be calculated by R = R l + R u . Thus, we can investigate the spectrum access issue of the system by maximizing R, which is given by the following problem:
P3:
max
whose optimal solution is denoted by ( R * l , R * u ). Since problem (P3) is a standard linear programming problem, the optimal solution ( R * l , R * u ) is obtained when the line R = R l + R u is tangent to the throughput region Ω on R 2 . As such, the user densities corresponding to the point
, is the optimal solution in the system.
VI. SIMULATION RESULTS
In this section, we present the simulation results of the geometry analysis, our proposed spectrum access algorithm and the throughput regions, respectively. The simulation parameters based on the existing LTE-Advanced specifications [37] are given in Table I .
A. Verification of Geometry Analysis
To verify our geometry analysis, we provide the simulated and analytical results on the throughput of different users, which are presented in Fig. 2 to Fig. 4 .
For LTE and D2D users, their throughput is mainly related to the bandwidth of subchannels and the co-channel interference, as shown in equations (3) and (9) . Fig. 2(a) shows the throughput of LTE users versus their density with different densities of D2D users. The throughput of an LTE user R C monotonically decreases with the density of LTE users λ C . As mentioned in Section II, the number of licensed subchannels is proportional to λ C , and thus, as λ C increases, the bandwidth occupied by each LTE user decreases, leading to the decrease of R C . Besides, R C decreases as the density of D2D users λ D grows, since more D2D links will interfere an LTE user. In Fig. 2(b) , we present the throughput of D2D users versus their density. Likewise, the throughput of a D2D user R D monotonically decreases with an increase of λ D as well as λ C . The reason lies in that the increase of λ D brings severer interference from other D2D links, and the increase of λ C reduces the bandwidth occupied by each D2D link. By comparing these two figures, we can infer that the R C is Fig. 3(a) , we plot the throughput of LTE-U users versus their density with different densities of D2D-U users and Wi-Fi APs. The throughput of an LTE-U user R CU first increases and then decreases with the density of LTE-U users λ CU . According to equation (10) , λ CU increases with p act CU , leading to the increase of R CU . However, based on equation (11), as λ CU grows, p act DU increases, which decreases R CU . Therefore, there exists a trade-off between p act CU and p act DU . When λ CU is low, the throughput is dominated by the increase of p act CU , leading to the growth of R CU , but when λ CU reaches to a high level, the throughput is dominated by the increase of p act DU , which decreases R CU . In addition, R CU decreases with the density of D2D-U users λ DU as well as the density of Wi-Fi APs λ W , since the increase of λ DU and λ W results in the decrease of p act CU , which decreases R CU . Fig. 3(b) presents the throughput of D2D-U users versus their density. Similar to Fig. 2(b) , the throughput of a D2D-U user R DU monotonically decreases with λ DU , since a higher λ DU implies a lower p act DU , which leads to the decrease of R DU . Besides, R DU decreases with the increase of λ CU and λ W , due to the decrease of p act DU . Combing these two figures, we can find out that R DU is higher than R CU in the low traffic system (where both λ CU and λ DU are lower than 3 × 10 −4 m −2 ). Moreover, since the bandwidth of the unlicensed spectrum (500MHz) is much wider than that of the licensed spectrum (40MHz), LTE-U/D2D-U users are more likely to achieve a higher throughput than LTE/D2D over the licensed spectrum. Fig. 4 presents the throughput of Wi-Fi users versus their density with different densities of LTE-U and D2D-U users. With the increase of λ W , the throughput of a Wi-Fi user R W first increases and then decreases. According to equations (10) to (12) Fig. 2 to Fig. 4 , we can easily find out that the analytical results are consistent with the simulated ones, which validates our analysis.
B. Performance of Spectrum Access Algorithm
The performance of our proposed spectrum access algorithm is presented in Fig. 5 to Fig. 7 .
In Fig. 5 , we compare our proposed algorithm with other two algorithms:
• Equal Proportion: the densities of different users are identical.
• Bandit Algorithm: each user sequentially access the spectrum based on their utilities, as referred in [24] . We also present the simulated optimal values obtained by traversal in this figure. For the sake of fairness, we assume the densities of all LTE and D2D users are identical, i.e., λ all C = λ all D . As shown in Fig. 5 , the total throughput monotonically increases with the densities of all LTE/D2D users. By comparing the performance of these three algorithms, we find out that our proposed spectrum access algorithm outperforms the others. Besides, the performance of our proposed algorithm is quite close to the optimal value, which indicates the effectiveness of our proposed algorithm. For all algorithms, the increase of λ W will lead to the decline of the total throughput, since more interference is brought by the Wi-Fi users over the unlicensed spectrum. . We can observe that the total user density over the unlicensed spectrum is higher than that of the licensed one. This is because that the bandwidth of the unlicensed spectrum is much wider than that of the licensed spectrum, and thus, utilizing the unlicensed spectrum can achieve a higher throughput. Besides, when λ all D increases, the densities of LTE/LTE-U users decrease or remain unchanged, since the interference to the LTE/LTE-U users becomes severer as more D2D/D2D-U users access the spectrum. However, the spectrum access of D2D/D2D-U users is hardly affected by the increase of λ all C . This is mainly because that the transmitter and the receiver of a D2D pair are close to each other, which can guarantee a satisfactory SINR even the densities of LTE/LTE-U are large.
In Fig. 7 , we present the result of spectrum access with different densities of Wi-Fi APs given the densities of users As λ W increases, the density of D2D-U users decreases while the density of D2D users increases. This is because that more Wi-Fi APs can bring severer interference over the unlicensed spectrum, and thus, more D2D pairs prefer the licensed spectrum than the unlicensed one. Besides, when λ W grows, the densities of LTE/LTE-U users remain unchanged, which is due to the QoS requirements of LTE/D2D users over the licensed spectrum. In all cases, we can observed that the densities of D2D/D2D-U users are larger than that of LTE/LTE-U users, since the proximity of the transmitter and the receiver of a D2D pair can ensure a higher SINR.
C. Throughput Regions
The throughput regions of the system are plotted in Fig. 8 and Fig. 9 .
In Fig. 8(a) , we depict the throughput regions of LTE/LTE-U users over both licensed and unlicensed spectrum with different densities of D2D/D2D-U users, given λ and λ W = 3 × 10 −5 m −2 . It can be seen that as the increase of λ D and λ DU , the throughput regions shrink, due to the increase of interference links over the licensed and unlicensed spectrum. Besides, in Fig. 8(b) , we present the throughput regions of D2D/D2D-U users over both licensed and unlicensed spectrum with different densities of LTE/LTE-U users, given λ all D = 1× 10 −4 m −2 and λ W = 3× 10 −5 m −2 . Similarly, the increase of λ C and λ CU shrinks the throughput regions, since the interference links over licensed and unlicensed spectrum increase. As discussed in the Section V, either of these two figures has the complete information on the Fig. 8(b) . Fig. 9(a) shows the throughput regions of the system over both licensed and unlicensed spectrum with different proportions of LTE/LTE-U users κ l and κ u , given λ
With the increase of κ l , the total throughput over the licensed spectrum increases, i.e., throughput regions extend. Due to the orthogonal utilization of the LTE mode, the number of subchannels increases with the density of LTE users, and thus, the co-channel interference of D2D users is alleviated effectively, thereby increasing the total throughput over the licensed spectrum. Besides, the total throughput over the unlicensed spectrum decreases with κ u , since the bandwidth of subchannels decreases with the density of LTE-U users. Moreover, we can easily obtain the optimal densities in the system under different κ l and κ u by depicting the tangent points of lines R = R l + R u and throughput regions, which denoted by points A, B, C and D in Fig. 9(a) . For instance, when κ l = 0.8 and κ u = 0.7, the optimal densities in the system are achieved at point A, whose densities are given by (λ * Fig. 9(b) , we present the total throughput of the system with respect to the proportions of users over the licensed spectrum, defined by ρ = . The total throughput of the system first increases and then decreases with ρ. In addition, when ρ is low (e.g., less than 10%), more LTE and D2D users will access the licensed spectrum. Therefore, the interference over the unlicensed spectrum is effectively alleviated, and the total throughput of the system increases. When ρ reaches to a specific level, the total throughput of the system starts to decrease (e.g., the transition approximately occurs at 10% when κ l = 0.8 and κ u = 0.7), since the throughput of LTE/D2D users over the licensed spectrum is less than that of LTE-U/D2D-U users over the unlicensed spectrum. Moreover, we depict the maxima of the total throughput under different κ l and κ u as points A, B, C and D, respectively, which are corresponding to their counterparts in Fig. 9(a) . We can observe that the optimal proportions of users over the unlicensed spectrum (90%) are much larger than those of the licensed spectrum (10%) for different κ l and κ u . In other words, users are more likely to utilize the unlicensed spectrum rather than the licensed one.
D. Remarks on Spectrum Access
Based on the above simulation results, we present the following remarks on the spectrum access of LTE/D2D users in the system. Table. IV. In this paper, we have presented the geometric analysis for a unified network where D2D users work as an underlay to LTE users in both licensed and unlicensed spectrum. We have analytically derived the throughput for each kind of users by leveraging stochastic geometry based on proposed spectrum sharing schemes. To investigate the spectrum access problem in the system, we have maximized the total throughput of the system by optimizing the densities of different kinds of users, and then proposed a SQP-based spectrum access algorithm to obtain the suboptimal solutions. Moreover, we have characterized throughput regions to illustrate the performance of the system.
Three conclusions can be drawn from the simulation results. First, users tend to access the unlicensed spectrum in a lowtraffic network, while new users prefer the licensed spectrum as the network traffic increases. Second, given the fixed network traffic, as the number of Wi-Fi APs increases, more users are prone to access the licensed spectrum. Third, given the fixed network traffic, D2D users are more willing to access the unlicensed spectrum than LTE users. 
Then we can get the throughput of an LTE user and the proof ends.
APPENDIX B PROOF OF PROPOSITION 2
According to equation (8) 
The term E e 
